The present work deals with continuum mechanical considerations for deformable and rigid solids as well as for fluids. A common finite element framework is used to approximate all systems under considerations. In particular, we present a standard displacement based formulation for the deformable solids and make use of this framework for the transition of the solid to a rigid body in the limit of infinite stiffness. At last, we demonstrate how to immerse a discretized solid into a fluid for fluid-structure interaction problems.
Introduction
A mechanical system, independent of its physical interpretation, can often be considered as a continuum (see Malvern [12] ). Within this continuum mechanical framework we can always formulate a local balance of momentum, either in terms of an Eulerian or a Lagrangian description. Since there is no general analytical solution for the initial boundary value problem under consideration, we apply a finite element solution method in space and time to approximate and solve the weak form of the problem, see Hughes [10] .
If we consider bodies to be rigid, we can not achieve a numerical solution within a standard finite element framework, since the used degrees of freedom are not independent any more. Based on a specific Cosserat theory (see Rubin [13] ) we can rewrite the finite element system in terms of a skew coordinate system. Within this reformulated system, we can incorporate the rigidity assumptions, such that we obtain a system of differential-algebraic equations (DAEs) governing the motion of the rigid body. As will be shown, the use of skew coordinate systems is necessary to account for interpolation errors of the director field.
The direct use of the introduced coordinate system yields a rotationless formulation which gives rise to this set of DAEs, see Betsch [5] . A further reduction of this DAEs to a minimum set of equations in terms of generalized coordinates is possible via a suitable null-space method (see Betsch [1] ), and we recover the classical Newton-Euler equations.
In a last step we show how to immerse a solid in a fluid using the underlying finite element framework to create a suitable Euler-Lagrange mapping (Liu et al. [11] and Hesch et al. [8] ). Thus, the solid is considered as a momentum source field arising within the fluid. This method is most preferable for fluid-structure interaction problems, since we do not have to remesh the fluid in each step. Similar techniques based on nodal force contributions instead of the field equations for the solid have been used to immerse particles (Hu et al. [9] ).
The paper is organized as follows: The Lagrangian framework and the spatial discretization for solids is shown in Section 2. The transformation to a rigid body is demonstrated in Section 2.2. Fluid dynamics formulation is described in Section 2.3, whereas immersed techniques for fluid-structure interaction problems are presented in Section 3. Representative examples are shown in Section 4 and conclusions are drawn in Section 5.
Continua
In this section we provide a short outline of the fundamental equations under consideration. Developments concerning solids are based on a general non-linear approach within a Lagrangian framework written in its reference configuration B 0 ⊂ R 3 , whereas an Eulerian framework in the actual configuration B ⊂ R 3 is used for fluids. Subsection one summarizes the basic equations for a deformable, hyperelastic body, whereas subsection two modifies this formulation to embed the properties of a rigid body. Fluids are summarized in subsection three.
Finite strain elastodynamics
First, we consider a time-dependent deformation mapping ϕ :
, where [0, T ] is the time interval elapsed during the motion. The corresponding mapping of the surface Γ is denoted by γ = ϕ(Γ, t). Note that we require that the boundaries satisfy
where Γ u and Γ σ denote the Dirichlet and Neumann boundaries, respectively. The current configuration is denoted by B t = ϕ t (B 0 ). Material points are labeled by X ∈ B 0 , the material velocity is given by υ = ∂ϕ/∂t, and the deformation gradient is denoted by F = Dϕ. Furthermore, we assume the existence of a strain energy function Ψ(C) :
F denotes the right Cauchy-Green deformation tensor. The linear momentum is given by π = 0 v, where 0 stands for the density in the reference configuration. The Lagrangian form of the balance of linear momentum is then given by
supplemented by the boundary conditions
where P = 2F∇ C Ψ(C) denotes the first Piola-Kirchhoff stress tensor,T the external tractions at the Neumann boundary andB a body force. Furthermore, a superposed dot denotes the material time derivative. In the sequel we make use of the notation
and express the contribution of a body to the virtual work as follows
To achieve a feasible numerical solution for the nonlinear problem under consideration, we apply a spatial discretization process to B 0 by introducing a set of finite elements e ∈ E h via
Using a standard displacement-based finite element approach, we introduce finite dimensional approximations of ϕ and δϕ given by
where q A = ϕ(X A , t), A, B ∈ ω = {1, . . . , n node } are the nodal values of the configuration mapping at time t, collected in a global configuration vector
→ R are the global shape functions associated with nodes A. The kinetic energy of the discrete system can now be written as
Note that the coefficients of the corresponding discrete mass matrix read
where I ∈ R 3×3 is the identity matrix. Next, we introduce the discrete deformation gradient and the discrete deformation tensor as follows
and
Based on the previously given definition of the local strain energy density function, the inner potential function reads
Thus, the discrete virtual work expression can be written as
where
) denotes the second Piola-Kirchhoff stress tensor. Furthermore, we assume the existence of an external potential energy function V
and we obtain for the discrete virtual work expression of the external contri-
Since (5) has to be valid for arbitrary test functions, we obtain a general nonlinear system of equations
which has to be solved using an adequate time stepping algorithm. Therefore, we split the considered time interval into a sequence of subintervals n → n+1 and obtain
where ∇V int (q n+1 , q n ) represents the discrete gradient in the sense of Gonzalez [7] . Note that (17) conserves algorithmically energy and both momentum maps, see Betsch & Steinmann [3] .
Rigid bodies
Next, we want to constrain the previously introduced discrete and deformable system such that it remains rigid throughout the considered time interval. Based on the theory of Cosserat points (see Rubin [13] ), we introduce a local coordinate system, attached to the body in the reference position at a specific pointX 1 to measure the position of all mesh points in terms of convective coordinates θ
Here,φ(X, t) ∈ R 3 is the position vector of the reference point at time t and d i (t) ∈ R 3 constitute the director frame {d 1 , d 2 , d 3 } at time t, which is not necessarily orthonormal. The basic kinematic assumptions for the rigidity of the body read
i.e. the convective coordinates θ i are not a function of time and the director triad does not deform. The motion of the rigid body is now characterized only by its kinetic energy and the constraints in (Eq. 19), since no internal stresses appear, i.e. V int (q) = 0, ∀t ∈ [0, T ]. Analogues to (Eq. 8), we can now write for the kinetic energy
using the velocity corresponding to (18)
and the elementwise integration
. For convenience, we introduce the extended position vectorq
Note that the inertia contributions e i vanish, ifφ(X, t) is located at the center of mass of the body and that the matrix E will be diagonal, if the directors d i are orthonormal and coincide with the principal axes of inertia.
Next, we rewrite the external contributions, assuming that the body forcē B(θ i , t) and the Neumann boundary contributionsT(θ i , t) can be written in terms of the convective coordinates, such that where
Note that we can associate Neumann contributions to the director momentum in terms of an external torque m using the kinematic relationship
denotes the angular velocity. Therefore, we calculate the power contributions arising from the external torque
and obtain for the external director momentum
Note that the consistent application of external torque (30) has originally been proposed in Betsch et al. [2] . At last, we derive the constraint forces based on (20), written as follows
and obtain the contributions of the constraint forces to the virtual work
Since the constraints (31) do not depend on ϕ(X, t), f c = 0. The remaining terms are given by
where λ i denotes the Lagrange multipliers. Analogues to (16), we obtain a nonlinear system of equations
which again has to be solved by a suitable time stepping scheme. As before, we make use of a mid-point type rule (see Betsch & Steinmann [4] )
for the constrained system under consideration. The used type of a midpoint rule conserves algorithmically several mechanical properties such as total energy and the components of the angular momentum. Note that the constraints in (31) are only fulfilled at time n + 1, not at n + 1/2.
Fluids
To describe later on the interaction of fluids and structures, we start here by considering a finite element formulation of fluids. Therefore, we write the fluid system in terms of an Eulerian description using the inverse mapping
Without loss of generality we restrict ourself to the incompressible case and obtain the continuity condition
where J = det(F). For a Newtonian fluid the Cauchy stress tensor σ :
Here, the pressure p : B × [0, T ] → R is a sufficiently smooth function and can be regarded as Lagrange multiplier to enforce (37). Furthermore, µ denotes the dynamic viscosity. The Eulerian form of the balance of linear momentum reads
where ρ and b denote the density and a prescribed body force in the actual configuration, respectively. In weak form, the balance equation can be written as
supplemented by the constraints
Using a standard Galerkin based discretization of the velocity and the Lagrange multiplier field analogues to (Eq. 7), we obtain the semi-discrete balance of momentum
and the semi-discrete incompressibility constraint
If necessary (i.e. for low order elements or high Reynolds numbers), a stabilization technique for the underlying Galerkin approach can be applied (cf. Tezduyar [14] ) using extended test function spaces
where γ SUPG , γ PSPG and γ LSIC are precalculated stabilization parameters. The modified semi-discrete balance of linear momentum reads
and the kinematic constraint
Here, R v and R p denote the residuals of the original momentum and kinematic constraint equations, respectively. The discretization in time of (42) and (43) using the previously introduced mid-point type rule, becomes
The fully discrete stabilized version follows in a straight forward manner and is given in detail in Hesch et al. [8] .
Fluid-Structure interaction
For the calculation of fluid-structure interactions we immerse a solid system within the fluid (see Liu et al. [15] ). To embed the resulting forces of the solid system, occupying the domain B 
The force field of the immersed solid reads
We obtain the actual stress field of the solid via push forward of the purely material derivative of the strain energy function
The spatial discretization of the fluid follows analogues to (45), thus we focus here on the discretization of the volumetric force field of the immersed solid and obtain
where we use an IFEM approach for the Euler-Lagrange mapping
Although tedious, the discretization in time is straight forward, see Hesch et al. [8] .
Numerical example
This example deals with the application of immersed techniques to cardiovascular problems. Therefore, we consider blood as incompressible Newtonian viscous fluid with viscosity µ = 1 and density ρ = 1·10 and a Poisson ratio of ν = 0.4. They can be regarded as idealization of a human heart valve exposed to insufficiency modeled by the gap between both flaps, cf. Gil et al. [6] . The series of figures in Fig. 2 shows the time evolution for the pulsatile flow using 256x64 Q1Q1 fluid and 40x4 bilinear solid elements. The movement of the tip of the upper leaflet in the X and Y directions are shown in Figures 3 and 4 , respectively, for different discretizations. The results based on the Q1Q1 fluid finite element discretization converge to the results of the Q2Q1 fluid finite element discretization for a sufficiently fine mesh. The converged results are in perfect agreement with those obtained with the Immersed Structural Potential Method (ISPM) shown in Gil et al. [6] . A detailed discussion between these different immersed techniques can be found in Hesch et al. [8] .
Conclusions
Based on a general continuum mechanical description, we have first introduced a non-linear framework for deformable bodies. In a second step, a most general approach has been introduced to reformulate the discretized body in the case of infinite stiffness as a constrained system using a redundant set of coordinates. No restrictions are set to the coordinate system of the rigid body, such that we can use skew coordinate systems. This is of major importance, since we can now account for interpolation errors of the directors, if, for instance, we apply a mid-point type rule for the discretization in time.
In a last step, we have shown how to immerse a discrete system into a fluid, such that we can treat the immersed solid as momentum source field in the fluid. In a future work, we will transfer the rigid body assumptions to the immersed system as well, such that we can account for rigid bodies in a fluid in a concise and easy way. The foundations for this work are laid in this article.
